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Abstract: We resume a long-standing, yet not forgotten, debate on whether a Chern-Simons birefringence can be generated by a local term b µψ γ µ γ 5 ψ in the Lagrangian (where b µ are constants).
In the present paper we implement a new way of managing γ 5 in dimensional regularization. Gauge invariance in the underlying theory (QED) is enforced by this choice of defining divergent amplitudes.
We investigate the singular behavior of the vector meson twopoint-function around the m 2 = 0 and p 2 = 0 point. We find that the coefficient of the effective Chern-Simons can be finite or zero. It depends on how one takes the limits: they cannot be interchanged due to the associate change of symmetry.
For m 2 = 0 we evaluate also the self-mass of the photon at the second order in b µ . We find zero.
Introduction
There has been an interesting and long debate (see for instance [1] - [6] ) on whether the Lorentz-and CPT-violating Chern-Simons effective action term
might be generated by a local Lorentz-and CPT-violating axial vector term in conventional QED
where b µ are constants and Λ is the scale for dimensional regularization. We discuss this problem at one loop in the perturbative expansion. We use dimensional regularization extended to γ 5 , as briefly presented in the Section 2. The extension γ 5 to generic dimension D has been proposed recently in Refs. [7] and [8] . The choice of dimensional regularization for the present problem is dictated by the need of preserving the gauge invariance of the underlying QED and of profiting of the advantages in actual computations (e.g. the validity of formal properties of integration as: shift in the integration variables and consistent use of divergent integrals).
There have been previous attempts to use dimensional regularization [9] . Our results are in disagreement with the cited paper. The origin of it might depend on the use of different γ 5 extension, i.e. 't Hooft-Veltman's and anticommuting γ 5 . We insist that our approach has many nice properties as cyclicity of the gamma's trace and Lorentz covariance.
Our results are in agreement with previous calculations where QED gauge invariance is enforced through the regularization procedure of PauliVillars.
In this framework the one-loop induced Chern-Simons with m 2 = 0 turns out to vanish in the limit p 2 = 0 (on-shell photons). The result removes some ambiguities pointed out in early works and never resolved by the use of dimensional regularization because of the γ 5 problem.
Our detailed analysis shows that the point m 2 = 0 p 2 = 0 is singular. The limit depends on the sequence in the (m 2 , p 2 ) variables.
We show that this peculiarity is due to a change in the symmetry property of the model. If one puts m 2 = 0 right at the beginning the b µ can be removed by a local chiral transformation (at the classical level), as noted by many authors. Thus only a local term survives (as in eq. (1)) similar to the ABJ anomaly.
We further investigate the properties of the m 2 = 0, p 2 = 0 case by evaluating the photon two-point-function at second order of b µ in the oneloop approximation. We demonstrate that the amplitude must be gauge invariant. The explicit evaluation shows that it is actually null. Thus in this case the quantum corrections do not modify the independence from b µ of the amplitudes, which is present in the classical approximation.
Managing γ 5 in Dimensional Regularization
While the extension of the gamma's to generic D dimensions is considered straightforward since the algebra
doesn't change with D, the situation with γ 5 is much more complex. There is no proof that the extension to non-integer D is possible and, if it is, we do not know how to do it. To mark this important point we use γ 5 for D = 4 and γ χ for its extension (if any). Thus, for instance, we do not know what
might be. The consequences of this fact are important in many respects. One, often neglected, is that the invariance properties of the action change when the gamma algebra is promoted to D dimensions. For instance in D = 4 dimensions the kinetic term
is invariant under global chiral transformations
Therefore its Noether current is conserved (apart possible anomalies). But in generic D dimensions the action
might not be invariant under
because the (anti)commutation relations (4) is not necessarily null. The second point is the problem of evaluation of the trace, where one or more γ χ are present. To our experience the two difficulties are deeply intertwined. For instance the anomaly of the axial current cancels the terms responsible of the violation of the invariance of the generating functional. See [7] Sec. 9 for a detailed discussion.
We give a bird view of the approach implemented in the present paper. Some details are not given here, but they can be traced in Refs. [7] and [8] .
1. It is assumed that an extension γ χ exists so that a trace can be defined
The above expression can be generalized to many γ χ ′ s in generic positions and the p ′ s might be replaced by polarization vectors and by Lorentz covariant tensors, e.g. g αρ but not ε µνρσ . It is important that none of the Lorentz indices are left free: they appear only as dummy variables to sum over without specifying their value (e.g. v µ and w µ are not provided, but v µ w µ is an admissible quantity assuming real or complex values). Lorentz covariance and cyclicity are required.
2. In the neighborhood of D = 4 the trace is assumed to admit an expansion
where A h (p) are Lorentz invariants in D = 4 dimensions ( the tensor ε µνρσ might be present).
3. By assuming that the limit D = 4 is smooth, one gets
Clearly from step 1. to step 2. the Lorentz symmetry is restricted to D = 4.
In the case of a single γ χ a typical trick, in order to evaluate the trace, is the following (cyclicity is essential)
The above relation is very intriguing. The first term in the RHS yields the usual gamma's algebra in D = 4, while the second provides the O(D − 4) term.
To summarize, we assume smooth dependence of traces from D around D = 4, but at the same time we will avoid the evaluation of any algebra where the (anti)commutation of γ χ is involved. We might profit of identities like (12) . Lorentz covariance and cyclicity are not negotiable. Details are in Refs. [7] and [8] , where the ABJ anomaly and the isoscalar anomaly in SU (2) nonabelian chiral gauge theory are explicitly evaluated. In particular in the nonabelian chiral gauge case, the many-γ χ puzzle is solved. In the present paper for the calculation we use the template of Ref. [7] with minor and straightforward changes. 
where J µ , η,η are external sources. By performing a chiral transformation on the dummy fields (classical and in D = 4)
we get
where Z (0) indicates that the action has no b µ term. The result in eq. (15) is very strong: if one considers only A µ -amplitudes there is no dependence from b µ . Some dependence from b µ might emerge from quantum corrections as we will see later on.
Before dropping the subject, it is amusing to see how the original action is restored by starting from the identity in (15). For simplicity we drop A µ . The integration over the Fermi fields yields the usual result
According to eq. (15) we have to replace η by e −ibµx µ γ 5 η. Use
and get
With a little algebra the relations can be written in the form
Finally the sum yields
i.e. we are back again to the action (13) (by restoring A µ ).
The above example suggests that the correct expansion is in number of loops. At each order in the number of loops the amplitude must be b µ −independent, when properly summed over all powers of b µ . This conclusion is unavoidable. Thus the only possibility in order to have a b µ − dependence of the two-point-function of the vector mesons is by means of an anomaly of the axial current. More precisely: one uses the expansion in powers of b µ as in equations (20) and (21) for the fermion propagators of the A µ two-point-function. Among the numerous graphs the triangular ones are expected to be anomalous and therefore a b µ dependence arises. This will be evaluated in the Section 4. This is an unexpected situation. The parameter b µ cannot be fixed phenomenologically by some S-matrix measurement. If the anomaly is measured, we get out the value of b µ , a fact that is not very much instructive, since the interacting term with fermions disappears (we could use an action with no b µ ).
Comment: In the process of quantization of the field theory (13) one needs a regularization procedure in order to deal with ill-defined amplitudes. We use dimensional regularization and consequently the algebra involving γ χ is far from trivial (see Section 2). We envisage that classically equivalent Feynman rules yield different results at the quantum level, since there is no possibility to enforce normalization conditions (b µ disappears from the action at the classical level) to force the theories at the same results. We could use a perturbative expansion where the unperturbed propagator is the conventional free Fermi-Dirac as in eq. (15) or its power series expansion in b µ (20) or the non perturbative approach (21). We choose the power series expansion in b µ because we do not know how to deal with γ χ in the denominator in presence of dimensional regularization. Moreover this choice allows a comparison with the existing literature.
One-loop Calculations
In this work we give the detailed calculations at one loop of the ensuing terms, due to the b µ external source given in eq. (2). At the first order we expect a Chern-Simons term, while at the second order a self-mass of the photon might arise.
The result of the computations is quite surprising, thus we present the whole matter systematically. The scenario is the following.
At first order in b µ and for p 2 = 0, m 2 = 0 the Chern-Simons term is non zero (c µ = 0 in eq. (1)). The calculation is very close to the derivation of Adler-Bardeen-Jackiw Anomaly [7] .
Instead zero is the value of c µ for
Thus there is a discontinuity at (p 2 = 0, m 2 = 0).
At the second order in b µ we evaluate the photon self-energy at m 2 = 0. We demonstrate that Ward identity is satisfied. The explicit computation yields an indisputable result: zero.
It should be stressed that the use of dimensional regularization is freeing us from problems present in other regularization schemes: there is no ambiguities on shifting by a constant the integration variable of the inner momentum of the loop.
We deal with the γ χ by following the rules outlined in Section 2. We bring together all factors of the D − 4 pole, due to the inner momentum integration. We verify that a common D − 4 factor appears to cancel the pole, to yield a final finite result. Only this part of the calculation requires care in the use of γ χ . The rest of the calculation can be performed at D = 4, since every term is finite.
We start from the formulae of Section 8 of the paper [7] . Eventually we take the appropriate limits.
ABJ Anomaly (p
We consider a massive fermion triangle, where one vertex is given by an axial current. We will remove the mass when necessary. Thus we consider the integral (p is the incoming momentum on the vertex σ and k on ρ; crossed graph will be considered at the end)
Now we use Feynman parameterization and get
We change variable
and implement symmetric integration
Let us define
After symmetric integration over q we can split the integral into a divergent part (the terms proportional to m are associated to a T r with an odd number of gamma's and one γ χ ; this is expected to be zero for D ∼ 4)
and finite part
In front of the two amplitudes (28) and (29) the gamma's trace must be expanded in powers of (D − 4) as required by eq. (22) . For the finite part in eq. (29) we can use the D = 4 expression, but for the divergent part one needs also the linear part in (D − 4).
and
The splitting in divergent and convergent parts (28) and (29) is arbitrary.
It is done only in order to make the exposition simpler.
Calculation of Divergent Part (p
Now we consider to the limit m 2 = 0. Since we look at the effective ChernSimons term we take the conditions
The divergent part (28) becomes
The trace is evaluated according to the rules of Ref. [7] Sec.8.
Since 1 0 dxx(6x − 4) = 0 the x-independent part inside the square brackets gives zero contribution. What is left is
Elementary integration yields
Finally eq. (35) becomes
Notice that the scale parameter Λ has dropped out from the final result.
Calculation of convergent Part (p
Now we evaluate the convergent part (29) in the particular kinematic condition (32). Every integral is finite; therefore the algebra is in D = 4
We add the divergent and finite parts in eqs. (37) and (38) and their crossed terms
This is consistent with the ABJ anomaly of the axial current, i.e. one gets the current from the k = −p anomaly and then takes the limit value k = −p. Thus we conclude that the CPT-violating term in the action (2) induces a Cern-Simons effective amplitude (1) with
by taking T r{γ 5 γ µ γ ν γ ρ γ σ } = i4ε µνρσ . The result in eq. (40) has been discussed at length in the literature. See for instance Refs. [10] and [11] .
6 Induced Chern-Simons for p 2 = 0, m 2 = 0
For comparison with the Section 5 and for phenomenological applications it is convenient now to discuss the case p 2 = 0, m 2 = 0. We consider the divergent part (28) at p 2 = 0
Thus eq. (29) becomes (at p 2 = 0)
The crossed graph gives a factor 2
We add the divergent part eq. (41) (notice the difference with Section 8.1 of [7] with k = −p) and the crossed divergent part
Finally one gets
The result is surprisingly different from the one obtained in Section 5 in eq.
(39). The difference between m 2 = 0 and m 2 = 0 has been discussed also in Ref. [12] . Thus we investigate the dependence (c µ ) from p 2 in a massive theory. For virtual photons it is relevant to evaluate the two-point function off-shell. However we hold the condition
The general case is discussed in Appendix C.
For the present case we resume eqs. (28) and (29) and expand in p 2 m 2 . The divergent part yields
Photon Two-point Function at |p
We elaborate eq. (47). We keep only the p 2 dependence
In the finite part (48) we have two contributions: one from p 3 and one from m 2 .
7.3 Total
Now we add the crossed term (multiply by 2)
The result in eq. (52) shows that there is continuity for p 2 → 0 with the value (45) of Section 6. Transversality is important issue since the amplitude is a photon selfenergy.
Gauge Invariance at 1-loop: the Box (m 2 = 0).
This important question must be discussed in detail.
One expects no problems since the Ward identity should not be affected by the CP T -violating term. I.e. the generating functional should obey the transversality condition. The presence of γ χ is irrelevant for the derivation of the functional identity.
It is however intriguing to see it in an elementary derivation, i.e. by using
Let us consider the box diagrams one by one.
Then to check gauge invariance we evaluate
Now we consider the graphs where both b µ insertions are on the same Fermionic line
Then the divergence gives
Finally the third graph (obtained from
and its divergence
The equation above (55), (57) and (59) show the exact cancellation of the divergence of the two-point-function
In particular the second in eq. (57) cancels the first in eq. (59) through a change of variable. The first in (55) cancels the second in (59). Finally the second in (55) cancels the first in (57). No γ χ was involved in the proof. However there is a flaw in the proof: the quantities present in the eqs. (55), (57) and (59) are ill-defined due to ultraviolet divergences: the algebra of γ χ is needed for generic D. The verifications of the equations will be possible after a precise statement about the algebra.
Only when we group all the D −4 poles together we obtain a well-defined quantity. At that moment we can verify the Ward identity.
Transversality then requires the following general form
8.2 Divergent Parts: the Box m 2 = 0.
We look at the divergent parts (by this we denote the amplitude where a q 4 power appears in the numerator). Thus we do not consider the difference between eq. (98) and (99). Later on we will take into account also the p 2 dependence. From eq. (54) we have the gamma's factor
The symmetric integration gives
The other graphs yield
By symmetric integration
We add the third graph (ρ ↔ σ)
8.3 Pole Part: the Box m 2 = 0.
Now we take the sum
It vanishes for D = 4; then we can use the elementary algebra 4
Finally we get the pole part in D − 4, form eqs. (54), (56), (58), (68), (98), (99) and (108)
8.4 Log Parts: the Box m 2 = 0.
For the log parts we need the integrals in (98) and (99) The graph n. 1 yields the following divergent-log contribution. From eq. (98), (63) (108) and (109) we have
For the graph n.2 we have similarly the following contributions. Eqs. (99), (65), (108) and (112) are needed
Similar result for graph 3
Then the total divergent-log is
The total divergent part is then (eqs. (69) and (73)
Convergent Parts: Graph 1
After the shift suggested by eq. (98) eq. (54) becomes (γ χ dropped)
We have 6 q ρ q σ -integrals and one with no q's. We use the notations
Integration over q yields (see eq. (113 ) CONV (1) ρσ
The integration over the Feynman parameters yields (Section B)
By inserting the expressions (76) into (78) one gets
Convergent Parts: Graph 2 and 3
Now we consider the graphs where the b µ sources are on the same γ ρ − γ σ fermion line. I.e. we use the amplitude in (56)
With the Feynman parameterization (99) one gets
where
In eqs. (81) and (82) γ χ have been dropped because we consider only convergent integrals. From eqs. (113), (81) and (114) we get
Now we evaluate eq. (83) by using the 7 traces (82)
Finally
By adding the contribution of graph n.3 we get
From eq. (79) we get j=1,2,3
Remember the POLE parts of graphs (1), (2) and (3) 
The final result based on eqs. (87), (88) and (89) is then
The result in eq. (90) indicates that the vacuum described by the b µ source in the action (2) has no effect on massless QED, beside the birefringence given by the Chern-Simons (1) of the ABJ anomaly. We make explicit the above argument. By considering the chiral transformation
we get a Ward identity on the vertex functional generated from the path integral functional of eq. (13)
where ∆ · Γ is the insertion of the ABJ anomaly
From a perturbative point of view, the insertion ∆ brings a e 2 factor in the e series expansion. Now we can differentiate eq. (92) with respect to b ν (y), A ρ (v), A σ (w) and fix the external momenta (−p − k, 0, p, k). With short hand notation eq. (92) becomes
i.e.
since the LHE of eq. (95) is O(e 2 ) and therefore a finite value could not match the RHS. We now differentiate the above equation with respect to p τ and then put p = −k. Thus finally we get at one loop
i.e. the result of our explicit calculation in eq. (90). Our result (90) disagrees with the conclusions of a similar investigation in Refs. [5] and [6] .
Conclusions
By using a new approach to γ 5 problem in dimensional regularization we computed the Chern-Simons effective action term in presence of a local CPT-and Lorentz-violating term in the Lagrangian. No ambiguities are present in the calculation. The calculations are straightforward application of the algebra developed in Refs. [7] and [8] .
We have analyzed the different limits m 2 = 0 and p 2 = 0. For m 2 = 0 the CPT-violating action-term can be removed by a simple chiral transformation. The anomaly in the axial current is the only relic of the perturbative expansion in powers of b µ . The result is in agreement with the approach based on Pauli-Villars regularization. However we understand that other regularization procedures might yield different results [4] .
We obtain that the Chern-Simons term is zero at one loop level for m 2 = 0, p 2 = 0 in the dimensional regularization scheme. Thus we confirm the result of Pauli-Villars regularization.
For virtual photons (p 2 << m 2 ) the two-point function gets a finite contribution by the presence of the CPT-and Lorentz-violating term. The coefficient of the p 2 is in agreement with previous gauge invariant calculations (via Pauli-Villars). Some authors find a non-zero limit for p 2 = 0, i.e. a finite Chern-Simons term (1). This result is obtained by abandoning dimensional regularization as in Refs. [3] , [4] , [9] .
We have devoted a consistent part of the paper to the explicit calculation of the photon self-energy at second order in the expansion in b µ for the case m 2 = 0. The interest lies in the question whether, by the removal of the CPT-and Lorentz-violating term, some other relics remain beside the Chern-Simons term. The places where to look for, are the superficially divergent amplitudes as the box-diagram in the photon self-energy. After an excruciating calculation we found zero: a result expected if ABJ anomaly is the only terms present in the Ward identity (92) associated to local chiral transformations.
A Collection of Standard Integrals
In order to improve the presentation of the paper we remind some Feynman formula 
Use Dimensional Integrals. In Minkowski space we have 
i.e. 
We use the identity Γ µρσ (p) = 2 (4π) 2 T r γ µ γ χ γ ρ γ σ p
as in eq. (39).
